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Abstract 

Let / be a non-invertible holomorphic endomorphism of the complex 
projective space ¥ k and f n its iterate of order n. Let V be an algebraic 
subvariety of P k which is generic in the Zariski sense. We give here a survey 
on the asymptotic equidistribution of the sequence f~ n {V) when n goes 
to infinity. 
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1 Introduction 

Let F k denote the complex projective space of dimension k. Consider an endo- 
morphism / : P fe — > F k which is holomorphic and non-constant. Such a map is 
always induced by a polynomial map F = (F , . . . , Fk) from C fe+1 to C fc+1 where 
the Fi are homogeneous polynomials of the same degree such that F _1 (0) = {0}. 
Indeed, if ir : C fc+1 \ {0} — > F k is the canonical projection, the map / is defined 
by the relation / o 71 = n o F. We refer to [131 EE 123] for the basic properties of 
these endomorphisms. 

From now on, we assume that the algebraic degree of /, i.e. the common 
degree d of the Fi, is at least 2. Otherwise, / corresponds to an invertible matrix 
and its dynamics is easy to study. The parameter space for these endomorphisms 
with a given algebraic degree d is a Zariski open set of a projective space F N that 
we denote by !K d (P fe ). Using the Bezout theorem, it is not difficult to see that 
an endomorphism / as above defines a ramified covering of degree d over P fc . In 
other words, / _1 (a) contains exactly d k points counted with multiplicity. 

Let cups denote the Fubini-Study form on P fc normalized so that Up S is a 
probability measure. Let f n := fo- ■ -of (n times) be the iterate of order n of /. It 
is well-known that the sequence of probability measures d~ kn (f n )*(ojp S ) converges 



to a probability measure \i which is totally invariant: d~ k f*(fi) = = £i- It 

is called the equilibrium measure or the Green measure of /, see e.g. [15] . 

Consider a point a in ¥ k . We are interested in the asymptotic distribution 
of the fibers f~ n (a) of a when n goes to infinity. We will survey results on the 
equidistribution of these sets. The proof for the main results in this section 
was given in [12]. We will sketch it in Section [2] with some simplification of the 
arguments. Equidistribution for higher dimension subvarieties will be discussed 
in Section [5J We also refer to Yuan [26] for analogous equidistribution problems 
in number theory. 

We have the following result which was proved in [8], see also [6]. 

Theorem 1.1. Let f be a non-invertible holomorphic endomorphism ofF h . Then, 
there is a finite number of algebraic subsets E C F k which are totally invariant, 
i.e. f~ 1 (E) = E = f(E). In particular, there is a maximal proper algebraic 
subset £, possibly empty, which is totally invariant. 

Note that E is totally invariant if and only if f~ x (E) C E. We do not assume 
here that E is irreducible nor of pure dimension. The set £ is in fact the union 
of all totally invariant proper algebraic sets of /. These sets are a posteriori of 
bounded degree and we can construct them explicitly. However, they are far from 
being understood. The following folklore conjecture is still open in dimension 
k > 3, see [T71 0] for the dimension 2 case. 

Conjecture 1.2. Any totally invariant algebraic subset for a map f as above is 
a union of linear projective subspaces. 

One also expects that the degrees of these totally invariant sets are bounded 
by a constant which depends only on k. This is known for the case where the 
codimension of E is 1 or 2 or in some others situations, see [U El [131 Ej- 111 
dimension 1, £ contains 0,1 or 2 points, e.g. if f(z) = z ±d then £ = {0, oo}. 

Denote by 5 a the Dirac mass at a and [i a n := d~ kn (f n )*(5 a ) the probability 
measure which is equidistributed on the fiber f~ n (a). The points in f~ n (a) are 
counted with multiplicity. Here is the first main result [T2] . 

Theorem 1.3. Let f , fi and £ be as above. There is a constant A > 1 such that 
if a is a point out of E, then /j,^ converges to \i exponentially fast, that is, if if is 
a G a function on P fc with < a < 2, we have 





,_|| \—an/2 

ip\\e<*A ' , 



where A > is a constant independent of n, a and ip. 



Here, we use the notation 
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The simple convergence [i® — > fi is equivalent to the convergence of the integral 
(fj^—fi, <f) to 0. The above theorem gives us the exponential speed of convergence. 

Note that the distance dist(a, £) is with respect to the Fubini-Study metric 
on P fc . When £ is empty (this is the case for generic /), by convention, this 
distance is the diameter of P fe which is a finite number. A priori, the constant A 
depends on A and a. Note also that we have the estimate 



A 



1 + log H 



1 a / 2 

< A 



1 + log H 



dist(a, £)J L dist(a, £). 

for < a < 2. 

It is known that the measure \x has no mass on algebraic sets, in particular, 
on £. So, the above result is optimal in the sense that /J* does not converge 
to fi when a G £. We can show that there is a finite family of probability 
measures, independent of a, such that any limit value of /i^ is an element of this 
family. However, the choice of the limit measures depends on a. For example, in 
dimension k — 1, if f(z) = z~ d , we have £ = {0, oo}, jj, is the Haar measure on 
the unit circle and the above family contains three measures: /i, the Dirac mass 
at and the Dirac mass at oo. 

We also deduce from the above theorem that converges to fi locally uni- 
formly for a G P fc \ £. The simple convergence without speed estimate was 
obtained in dimension 1 by Brolin [3] for polynomials, by Lyubich |21j, Freire- 
Lopes-Mane [19] for general maps and in higher dimension by Fornaess-Sibony 
[T6] . Briend-Duval [2] and Dinh-Sibony [8]. 

The following corollary gives us a geometric interpretation of the above result. 

Corollary 1.4. Let U be an open subset ofF h such that fi has no mass on the 
boundary of U . Then, if a is a point outside £, we have 

#CT n (a) n U) = ii(U)d kn + o(d kn ). 

So, if fi(U) > 0, a, b are two generic points and n is large enough, the number 
of points of f~ n (a) in U is almost equal to the same quantity associated to b, i.e. 

#(r»nt/) = 
„^oo #(/-«(&) n u) 

We have the following version of Theorem 11.31 which is in our opinion more 
important. 

Theorem 1.5. Let f , fi and /x^ be as above. Let 1 < A < d be a fixed constant. 
There is an invariant proper algebraic subset E\, possibly empty, ofF k such that 
if a is a point out of E\ and if if is a Q a function on P fc with < a < 2, then 

where A > is a constant independent of n, a, ip. 
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From Theorem II. 5[ we can deduce several fundamental statistical properties 
of the measure [i. Recall that locally this measure can be written as a Monge- 
Ampere measure with Holder continuous potential. It is shown by Nguyen and 
the authors in [7] that [i is moderate, i.e. it satisfies some exponential estimate 
for plurisubharmonic functions a la Hormander as in Lemma ET] where we replace 
cUp S by /j, and \ip\ by a constant times \(p\. Therefore, in our setting, we can work 
with fi as if it were the Lebesgue measure. 

Theorem II . 51 implies a slightly weaker estimate than the following exponential 
mixing of \x which were proved in 0, EE] : if ip is a test C Q function with < a < 2 
and ip is a function in L°°(/i) then 

| fa <p(i/, o /»)) - fa v ) fa | < A|M|e- ||^||oorf- ari/2 . 

The mixing implies the ergodicity and then, by Birkhoff's theorem, if a is a 
/x-generic point in P fc , the orbit of a is equidistributed in the support of /i. More 
precisely, we have 

-(6a + $/(«) + • • • + Sfn-l (a) ) -> fl. 

We can also deduce more precise informations about this convergence, namely, 
it is possible to obtain the central limit theorem and the large deviations theorem 
which were proved in [7_J [13] . 



2 Sketch of the proof of Theorem 11.5 



The use of Proposition 12.21 below is new and it simplifies the original proof of 
Theorem 11.51 Note also that Theorem 11.31 is a consequence of the last one. For 
the details, we refer to |T2j. The main tool we use is pluripotential theory. We 
recall here some results and refer to J3J [131 120] for the details. 

Let <p : X — > R U {oo} be a function on a connected complex manifold X 
which is not identically — oo. It is called plurisubharmonic (p.s.h. for short) if 
its restriction to any holomorphic disc is either subharmonic or equal to — oo. 
It is called quasi-p.s.h. if it is locally the difference of a p.s.h. function with a 
smooth function. So, C 2 functions are quasi-p.s.h. A set E in P fc is pluripolar if 
it is contained in the pole set {ip = — oo} of a quasi-p.s.h. function ip. 

Recall that a function ip on P fc , defined out of a pluripolar set, is d.s.h. if it 
is equal to the difference of two quasi-p.s.h. functions. We identify two d.s.h. 
functions if they are equal outside of a pluripolar set. We summarize here some 
properties of these functions, see [13J for details. If ip is d.s.h., there are two 
positive closed (1, l)-currents S' ± of the same mass such that dd c ip = S + — S~ . 
Conversely, if are positive closed (1, l)-currents of the same mass, there is a 
d.s.h. function ip, unique up to a constant, such that dd c ip = S + — S~ . 

In what follows, we only consider the space J of d.s.h. functions ip such that 
(/i, ip) = 0, where \i is the equilibrium measure of /. This space is endowed with 
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the following norm 

\\cp\\ := inf {||5 ± ||, S ± positive closed (1, l)-currents such that dd c p = S + — S 1- }. 
The classical exponential estimate for p.s.h functions implies the following. 

Lemma 2.1. There is a positive constant C such that if ip is a function in 5F 
with ||(/?|| < 1, then 

(u k s ,e^)<C. 

The following consequence is crucial in the proof of Theorem 11.51 It is already 
interesting when U = F k . The estimate can be extended to ip in any compact 
family of d.s.h. functions. It is important to observe that we get a pointwise 
estimate and this allows us to get an analog in the infinite dimensional case, i.e. 
for super-potentials. 

Proposition 2.2. Let ip be a function in jF such that ||<^|| < 1. Assume that p 
is Holder continuous on an open set U: \<p(x) — p(y)\ < Mdist(x,y) /3 for some 
constants M>1,0</3<1 and for x,y in U. Then, there is a constant A > 
independent of <p, U, M and (3 such that 

\p(a)\< A f3-\1 + log M) 

for every point a such that dist(a,P fe \ U) > M^ 1 ^ . 

Proof. Let A$ > 2 be a constant large enough. If the above estimate were false, 
then there is a function p and a point a as above such that |y?(a)| > A)/3 -1 (l + 
logM). So, the ball B of center a and of radius M _1///3 is contained in U. We 
deduce from the Holder continuity of p that for every b G B 

\?{b)\ > A Q (3-\l + logM) - 1 > \a^-\1 + logM) > ^A Q + ^o/T 1 logM. 

This contradicts the exponential estimate in the previous lemma. □ 

The mass of a positive closed (1, l)-current S in P fc is defined by ||£|| : = 
(S, Wps 1 )- It depends only on the cohomology class of S in C) ~ C. Using 

the Bezout theorem, we can show that acts on H 1,1 (F k , C) as multiplication 
by d k ~ l . We can deduce from these properties and the total invariance of the 
measure fi the following lemma. 

Lemma 2.3. The endomorphism f induces a linear operator /* : jF — > 5F such 
that ||/, || < d k ~\ 

Recall that if p is a function on F k then the function f*(p) is defined by 

f*((p)(a) := 

feG/-l(a) 
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where the points in / _1 (a) are counted with multiplicity. For ip continuous, 
/*(<£>) is continuous. If ip is an L 1 function and v is the Radon measure given by 
a smooth volume form, we have 

(v,fM) = (f*(v),<p)- 

For a general Radon measure u, we can define another Radon measure f*(v) 
using the same identity with (p continuous. 

We now define the exceptional set E\. Let K n (x) denote the multiplicity of 
f n at x, i.e. the local topological degree of f n at x, for n > 0. More precisely, 
for z generic near f n (x), f~ n (z) has K n (x) points near x. Define 

K- n {x) := max K n (y). 

It was shown in pj that the sequence k"1™ converges to a function k_ which is 
upper semi-continuous with respect to the Zariski topology. 

Moreover, for any 5 > 1, the level set {/«_ > 5} is an invariant proper algebraic 
subset of P fc . Define E\ := {/«_ > d/X}. So, there is a constant 1 < 5q < d/X 
such that n no < 5q° outside f~ n °(E\) for a fixed integer iVo large enough. In 
what follows, without loss of generality, we replace /, d, A, 5q by f n , d n , \ n , 5q for 
n large enough in order to assume that the multiplicity of / at any point outside 
f^ 1 {E\) is smaller than Sq and that 20k 2 5q < d/X. 

The previous property of multiplicity allows us to prove a version of the 
classical Lojasiewicz inequality adapted to our situation. Denote by V t the t- 
neighbourhood of E\. 

Proposition 2.4. There is an integer N > 1 and a constant A± > 1 such that if 
< t < 1 is a constant and ifx,y are two points outside Vt, then we can write 

f- 1 (x) = {xi,...,x d k} and = {y x , . . . , y d k} 

with tistfayi) < A 1 t- N dist(x,y) 1/6 ° . 

Finally, we have the following proposition where we assume that ip is a function 
in 5F such that ||y?||e 2 < 1- Define A := d 1 ~ h f*. 

Proposition 2.5. The function A n (ip) is Holder continuous on F k \ E\. More- 
over, there is a constant A2 > 1 such that for every n > and < t < 1 

|A>(x) - AMv)\ < A^ 2 r Nn dist(x,y) 5 o n 

for x, y out ofV t . 

Proof. Since E\ is invariant, it is not difficult to see that for a constant c > 
small enough, we have 

dist(/" 1 (x),E A ) > cdist(x,£ A ). 
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Define A2 := dA\/c. The proof is by induction on n. The case n = is clear. 
Assume that the proposition holds for n. We show it for n + 1. Let be two 
points out of Vt. By Proposition 12.41 we can write 

f- 1 (x) = {xi,...,x&} and f^iy) = {y u . . . ,y d k} 

so that dist(xi,yi) < Ait~ N dist(x, y) 1 ^ - Observe that Xi and yi are out of V ct . 
We deduce from the definition of A and the induction hypothesis that 

|A"+V(z)-A n+ V(2/)I < tZ x -*X;iAM^)-AMw)l 

< ^-^(c^-^^dist^,^) 50 "" 



< t-^^distCx.y)^""" 1 . 

This completes the proof. □ 

End of the proof of Theorem 11.51 First observe that from the theory of 
interpolation between Banach spaces (in our case between C° and C 2 ), it is enough 
to consider the case a = 2. Indeed, if L is a continuous linear form on the space 
of continuous functions on F k , it defines also a continuous linear form on G a and 
we have the inequality 

II T II < AWT 1 1 1— 1 1 t 1 1 a/2 

where A > is a constant independent of L, see [25] for details. In our situation, 
it is enough to apply this inequality to the Radon measures d~ kn (f n )*(5 a ) — 

So, assume that a = 2 and if is a function of class C 2 . Since the theorem 
is clear for constant test functions, subtracting from ip a constant allows us to 
assume that if is a function in 3 r . Moreover, by linearity, we can assume that 
\\<f\\ < 1 and ||y?||e 2 is bounded. We use here that || || < || 1 1 e a . By Lemma [2.31 
we have ||A n (<^)|| < 1. 

We also obtain from the definition of A that 

(d- kn (f n Y(5a),v) = d- n AMa)- 

Define 

I := 1 + log" 1 



distfa, E\ 



We need to show that |A n <£>(a)| < AIX n d n for some constant A > and for 
n > 1. Define t := e~ l . Observe that dist(a, Vt) > t. Therefore, Propositions 12.51 
and O yields 

|A>(a)| < A 5%[1 + \og(A% n2 t- Nn )] < l\~ n d n 
since 5q < d/X and I > 1. □ 
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3 Equidistribution of varieties 



In this section we survey the results on equidistribution of varieties. Recall that 
the sequence d~ n (f n )*(uFs) converges to a canonical invariant positive closed 
(1, l)-current T of mass 1. We call it the Green current of /. For any integer 
1 < p < k, the sequence d~ pn (f n )*(ojp S ) converges to the positive closed (p,p)- 
current T p := T A . . . A T (p times) that we call the Green current of order p or 
the Green (p,p) -current of /, see e.g. [13]. When p = k we obtain the equilibrium 
measure \x = T k considered above. 

Note that the operators /* and /* are well-defined on positive closed currents 
[9]. If S is a positive closed (p, p)- current on P fc , we have ||/*(<S')|| = gPHSU and 
||/* (S) || = (i fc_p ||S'||. If V is an algebraic set of pure codimension p, the integration 
on its regular part defines a positive closed (p, p)-current [V] . The mass of [ V] is 
equal to the degree of V. We conjecture the following. 

Conjecture 3.1. Let V be generic in the Zariski sense among algebraic sets of 
pure codimension p and of a given degree. Then, deg(V)~ 1 d~ pn (f n )*[V] converge 
to T p in the sense of currents when n goes to infinity. Moreover, the convergence 
is exponentially fast. 

Fix a constant 1 < A < d. We expect a much stronger property: there is a 
finite family of algebraic sets E\, . . . , E™ such that if V intersects E l x properly, i.e. 
the intersection is empty when dimE l x < p and the intersection is of dimension 
dim E\—p otherwise, then 

|(deg(y)- 1 rf-^(D*[y] -T p ,$)| < ||$ IM-™/ 2 

for any test form $ of class G a with < a < 2. 

If we replace the family of E\ by the family of all totally invariant algebraic 
sets, we also expect the exponential convergence with rate \~ na l 2 for some A > 1. 

The conjecture says in particular that if U is an open set such that T p has 
positive mass on U but no mass on dU and if V, V are two generic algebraic 
sets of codimension p, of the same degree, then the volume of f~ n (V) DU is 
almost equal to the one of f~ n ( V) R U when n is large enough. Here, by volume 
we mean the Hausdorff 2(k — p)- dimensional measure with respect to a fixed 
Hermitian metric on P fc . 

We have seen that the conjecture holds for the case of points, i.e. p = k. The 
conjecture was recently confirmed in the case of hypersurfaces, i.e. p — 1, by 
Taflin in [24J. Taflin's theorem is as follows. 

Theorem 3.2. Let X be a constant such that 1 < A < d. There is a finite 
family of algebraic sets E\, . . . , E™ satisfying the following property. If V is a 
hypersurface which does not contain any E\, then 

|(deg(^)- 1 c/- n (/ n )*[V] -T,$)| < C||$|| ea A- na/2 , 
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for every test form $ of class G a with < a < 2, where C > is a constant 
depending on f,X,V and a. 

We refer to the original paper by Taflin for the explicit construction of E\. 
Note that the convergence without speed was proved by Fornaess-Sibony [18J and 
Favre-Jonsson [H] in dimension k = 2 and by Dinh-Sibony pU] in any dimension. 
In this case, we can replace the family of E\ by the family of minimal totally 
invariant algebraic sets, see also Para |22j . 

A key point in the proof is to write, in a unique way, 

degiV)' 1 [V] - T = dd c u 

with u a function in 3 r . The uniqueness of the solution of such an equation and 
the total invariance of T imply that 

deg{V)- l d- n {f n Y[V] —T = dd c (d- n u o /"). 

So, the problem is reduced to prove the convergence of the sequence of functions 
d~ n u o f n to in a weak sense and to estimate the speed of convergence. 

Taflin proved and used some version of exponential estimates for non-compact 
families of d.s.h. functions. Moreover, the proof contains an induction on the 
dimension, that is, he has to check the convergence on some algebraic subsets of 
¥ k which may be singular. This requires precise versions of Lojasiewicz inequality 
in order to handle different technical difficulties. 

The above conjecture is still open in the general case. We have nevertheless 
the following result [11] which proves the conjecture for generic maps^. Recall 
that the parameter space for holomorphic endomorphisms of algebraic degree d 
is a connected complex quasi-projective manifold 3-Q(P fc ). 

Theorem 3.3. Let 1 < A < d be a constant. There is a non-empty Zariski 
open set < K^(¥ k ) of !Kd(P fc ) such that if f is an element in this open set, then 
deg(V)~ 1 d~ pn (f n )*[V] converge to T p in the sense of currents for any algebraic 
set V of pure codimension p. Moreover, we have 

|(deg(V)-M- pn (/ n )*[V] -T p ,$)| < C||$|| ea A- na/2 , 

for every test form $ of class G a with < a < 2. Here, C is a positive constant 
independent ofV. 

The set ^(P fc ) is defined clS db set of maps where the local multiplicity is not 
too big. 

A main difficulty is that the above theory of plurisubharmonic functions is not 
enough to handle algebraic cycles of arbitrary dimension. So, for this purpose, we 
introduced and developed a theory of super-potentials for positive closed currents 

1 The speed of convergence is not precisely stated in but the proof gives Theorem 13.31 
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and we applied it in the dynamical setting. Roughly speaking, this is a theory 
of quasi-p.s.h. functions in infinite dimension. We are able for example to get 
a version of the exponential estimate in Proposition 12.21 In order to obtain 
the solution of Conjecture 13.11 we still have to get a version of the Lojasiewicz 
inequality which seems to be a difficult problem. 
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